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Abstract –The weakly interacting helical Luttinger liquid, due to spin momentum locking, is
characterized by extremely peculiar local observables: we show that the density-density corre-
lation functions do not exhibit signatures of Friedel and Wigner oscillations, and that spin-spin
correlation functions, which are strongly anisotropic, witness the formation of a planar spin wave.
Moreover, we demonstrate that the most relevant scattering potentials involving a localized impu-
rity are not able to modify the electron density, while only magnetic impurities can pin the planar
spin density wave.
Introduction. – One dimensional gapless quantum
systems are characterized by a peculiar behavior: if (ar-
bitrarily weak) inter-particle interaction is present, the
low energy excitations have a collective nature and are
described by the Luttinger liquid theory [1–3]. Exper-
imental evidence of the validity of the Luttinger liquid
theory in fermionic systems has been achieved in a num-
ber of different devices, ranging from carbon nanotubes
[4, 5] and quantum wires [6, 7], to Bechgaard salts [8] and
edges of quantum Hall bars [9–11]. Exotic behaviors re-
lated to the Luttinger liquid, like spin charge separation
[12] and charge fractionalization [13, 14], have also been
observed. Moreover the Luttinger liquid picture is able to
capture the low energy properties of gapless one dimen-
sional bosonic [15] and spin systems [16]. In addition to
its wide range of applicability, the Luttinger liquid picture
has another important technical advantage: its Hamilto-
nian describes a collection of free bosons, and the funda-
mental field operators (right and left movers) of the theory
can also be expressed by means of the creation and anni-
hilation operators of such bosons, so that the correlation
functions can very often be calculated analytically [2]. As
a direct consequence of its wide range of validity, the rela-
tion between the fundamental field operators of the Lut-
tinger liquid and the observables do depend on the system
under consideration. Even though the thermodynamics of
all the Luttinger liquid pictures of various systems is the
same due to the formal analogy of the Hamiltonians, the
physical behaviors can hence be completely different. A
striking example of Luttinger liquid with exotic properties
is the helical Luttinger liquid [17, 18] (hLL). It is charac-
terized by spin momentum locking: particles with spin up
and down with respect to a well defined z axis propagate in
opposite directions. The hLL has been studied in details
since it describes the edges of two dimensional topological
insulators (2DTI) [19–26] and, to some extent, spin-orbit
coupled quantum wires in the presence of a magnetic field
[27–30]. The interest in such systems is motivated by po-
tential applications in spintronics [31–33] and quantum
computation [34, 35]. The properties under consideration
are most often related to transport, partially because the
explanation of the weak temperature dependence of the
non-perfectly quantized conductance in long samples still
represents an open and challenging issue, even though sev-
eral scattering mechanisms have been inspected [36–46].
Much less emphasis has on the other hand been devoted
to its local properties. Recently, it has been demonstrated
that in the strong interaction regime a very peculiar state,
characterized by fractional oscillations, emerges [47,48].
In this Letter we concentrate on the weak interaction
regime: first we investigate the local density-density and
spin-spin correlation functions and we find that they are
very different from the ones characterizing usual one-
dimensional quantum wires (QW): the density-density
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correlation function of the hLL is a non oscillating func-
tion, while in QW one finds clear signatures of Friedel os-
cillations; the spin-spin correlation functions are strongly
anisotropic and witness the formation of a spin density
wave on the plane perpendicular to the z axis, while in
QW the spin density waves are isotropic. Afterwards we
address the problem of how a localized impurity influences
the electron and spin densities of the hLL. We choose the
three impurity potentials that have been demonstrated to
be the most relevant in the renormalization group sense:
one-particle backscattering, allowed only if time reversal
symmetry is broken, two particle backscattering, and a
certain type of inelastic backscattering. We demonstrate
that, to all orders in the perturbative expansion in the im-
purity potentials, the electron density remains unchanged,
while one particle backscattering can pin the planar spin
density wave.
The outline of the Letter is the following: we start by de-
scribing the model we adopt for the hLL, and we study the
density-density and the spin-spin correlation functions at
zero temperature. Afterwards we address the effect on the
charge and spin densities of a localized impurity.
Model and one-particle observables. – The
model consists of the usual hLL harmonic Hamiltonian
H0 describing the helical edge.
After imposing periodic boundary conditions on a segment
of length L, one has H0 =
∫ L
0
h0dx, with
h0 =
∏
2
+
(∂xφ)
2
2
, (1)
where φ is the usual Luttinger bosonic field and
∏
is
canonically conjugated to φ. The Luttinger fermionic
fields ψ± for right and left moving electrons are related
to the bosonic fields by the bosonization identity
ψ±(x) =
F±√
2piα
e±ikF xe
i
θ(x)√
piKL
±i√piKLφ(x)
, (2)
where F± are the Klein factors for particles with spin± [2],
KL is the Luttinger parameter, with KL < 1 for repulsive
interaction, and KL = 1 for free electrons, kF is the Fermi
momentum, α ∼ 1/kF is a cutoff length, and θ(x) is given
by ∂xθ/pi =
∏
. Moreover we set h¯ = vF = 1, with vF the
Fermi velocity. In this Letter we assume weak interaction
1/2 < KL < 1 since we are not interested in correlated
two particle backscattering [17]. The relation between the
fields ψ± and the physical electrons is unusual: due to
spin momentum locking the Fermi spinor Ψ(x) for physical
particles becomes [17]
Ψ(x) = (ψ+(x), ψ−(x))T , (3)
so that, for some appropriate z axis spin up(down) elec-
trons propagate in the right(left) direction. The electron
density operator in terms of the bosonic operators reads
ρ(x) = Ψ†(x)Ψ(x) =
2kF
pi
+
√
KL∂xφ(x)√
pi
(4)
=
2kF
pi
+
∆N+ + ∆N−
L
+ ρbos. (5)
Evidently only the long wave component is present and
the Friedel term, that characterizes usual Luttinger liq-
uids, is absent. In the second line we have separated the
contribution to the density arising from the excess num-
ber of electrons with spin up(down), ∆N+(∆N−), over kF
and the fluctuations ρbos, which are linear in the bosonic
operators bn (n ∈ Z, n 6= 0), and read as
ρbos =
√
KL
L
∑
n 6=0
|n| 12 e−αpi|n|L e− 2inpixL (b†n + b−n) . (6)
The spin density, defined as
s(x) = Ψ†(x)σΨ(x), (7)
where σ = (σ1, σ2, σ3) is the vector of Pauli matrices, is
also very different from the one describing QW systems.
Explicitly it is given by
s1(x) = (ψ
†
+(x)ψ−(x) + h.c.), (8)
s2(x) = −i(ψ†+(x)ψ−(x)− h.c.), (9)
s3(x) = (ψ
†
+(x)ψ+(x)− ψ†−(x)ψ−(x)). (10)
Since we adopt periodic boundary conditions the amount
of information that can be gained by the inspection of
the average charge spin density is very limited, since they
are both constant. We hence concentrate on correlation
functions, that can be evaluated exactly by means of the
bosonization technique.
Correlation functions. – The density-density cor-
relation function c1(x) is defined as
c1(x) =N 〈0|ρ(x)ρ(0)|0〉N , (11)
where |0〉N is the ground state of H0 for
N = kFLpi +N+ +N− particles in the system. Its
explicit expression can be written as
c1(x) =
N2
L2
+
KL
L2
[
1− z(x)
z(x)2
+ h.c.
]
, (12)
with
z(x) = 1− e−2pi αL e2ipi xL . (13)
These results show that the 2kF Friedel oscillations of
the density-density correlation function are absent in the
hLL. This behavior is due to the topological nature of
the system, that forbids one particle backscattering if
time reversal symmetry is not broken. Moreover note
that, even for small N ∼ 3 the second addend in c1(x) is
negligible with respect to the first for any α < x < L− α.
For other values of x the theory is in any case unreliable
since α is the cutoff length. We will hence, from now on,
adopt the approximation c1(x) ∼ N2/L2.
p-2
Charge and spin density in the helical Luttinger liquid
The spin-spin correlation functions sij(x), are defined
as
sij(x) =
2L2
N2
N 〈0|si(x)sj(0)|0〉N . (14)
Considering again only α < x < L − α, one finds s13 =
s31 = s23 = s32 = 0;
s11 = s22=−
∣∣∣∣ z(0)z(x)
∣∣∣∣2KL cos [2piNxL − arg
[
z(x)
z(−x)
]]
s12 = −s21=−
∣∣∣∣ z(0)z(x)
∣∣∣∣2KL sin [2piNxL − arg
[
z(x)
z(−x)
]]
,
and finally, along the axis defining the spin momentum
locking
s33(x) =
1
K2L
[
c1(x)− N
2
L2
]
∼ 0 for x > α. (15)
The spin component in the direction of the z axis is hence
featureless, while the correlations in the xy plane are non-
trivial. Moreover, as shown in Fig.1, the oscillations be-
come more pronounced and decay slower as KL becomes
smaller. Note that the oscillations are more pronounced
than in the usual QW, where an interaction independent
damping is present due to the correlations in the spin field
[3].
To better understand the meaning of the oscillations in
Fig. 1: (Color online) The spin-spin correlation functions s11(x)
(panel (a)) and s12(x) (panel (b)) as a function of x/L for
N = 20 and KL = 0.9, blue (dotted) lines and KL = 0.7
purple (plain) line.
sij(x) (i, j = 1, 2) it is useful to consider the spin resolved
density-density correlation functions. In particular we ad-
dress the probability density pγ,δ(x), normalized to N2,
of finding an electron at position x with spin projection
γ = ± along the δ = 1, 2 = x, y axis if an electron with
spin + along the x axis is present. One simply has
pγ,δ(x) =
(
c1(x) +
N2
2L2
γs1δ(x)
)
. (16)
Note that a slight deviation (of order 1/N2) from the cor-
rect normalization is expected due to the impossibility of
describing the regime x < α within the Luttinger liquid
theory. The results are shown in Fig.2 for N = 20 and
Fig. 2: (Color online)(a) p+,1(x) in blue (plain) and p+,2(x)
in purple (dotted) as a function of x/L; (b) p+,1(x) in blue
(dotted), p+,2(x) in purple (dashed), p−,1(x) in brown (dash-
dotted) and p−,2(x) in green (plain). In both panels KL = 0.7,
N = 20.
KL = 0.7. The spin density rotates in the xy plane while
moving along the edge in such a way that it forms a pla-
nar helix. This behavior is in sharp contrast to the case
of usual quantum wires where the non-diagonal spin-spin
correlation functions vanish. Note that a signature of this
peculiar spin order had already been predicted in mag-
netically defined quantum dots [49, 50], where, however,
translational invariance is broken and the helix is already
visible at the level of one particle operators. Moreover
in that case magnetic impurities were added to the sys-
tem, while here we demonstrate that such a spin helix is a
property of the unperturbed hLL, and the role of magnetic
impurities is to pin them.
Effect of a localized impurity. – We now consider
the hLL, with Hamiltonian H0, in the presence of three
possible impurity-induced backscattering processes: one-
particle backscattering H1, allowed only if time reversal
invariance is broken, as in the case of magnetic impuri-
ties, two-particle backscattering H2, which does not break
time reversal symmetry but requires electron-electron in-
teraction, and a certain type of inelastic backscattering
H3, which also requires electron-electron interaction and
consists of taking one electron from one branch to the
other and creating a particle-hole excitation. This term
has been argued to be important in generic helical liquids
[51,52]. The reason for the choice of these three processes
is simplicity. They have been shown to be the lowest di-
mensional allowed scattering terms [51] in a renormaliza-
tion group sense. Explicitly,
H1 = v1
(
ψ†+ψ−
)
x=0
+ h.c. (17)
H2 = v2
(
ψ†+∂xψ
†
+ψ−∂xψ−
)
x=0
+ h.c. (18)
H3 = v3
[(
∂xψ
†
−ψ−−ψ†+∂xψ+
)
ψ†−ψ+
]
x=0
+h.c.(19)
where vi (i = 1, 2, 3) are free parameters. In usual Lut-
tinger liquids the effect of Hi (i = 1, 2, 3) is already visible
at the level of the electron density: the impurity breaks
translational invariance and pins oscillations. For example
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H1 induces Friedel oscillations, with wavevector 2kF . In
hLL the situation is different due to the absence of Friedel
oscillations.
In order to evaluate the influence of Hi (i = 1, 2, 3) on the
electron density we compute the average electron density
〈ρ(x)〉i at temperature T , given by
〈ρ(x)〉i =
Tr
{
e−β(H0+Hi)ρ(x)
}
Tr
{
e−β(H0+Hi)
} , (20)
where Tr{·} indicates the trace over a basis of the Hilbert
space and β = 1/(kBT ), where kB is the Boltzman con-
stant and T the temperature. The calculation can be per-
formed to all orders in perturbation theory. In order to
do so it is convenient to change into the (imaginary time)
interaction picture, that is to define, for any operator O,
its interaction picture counterpart OINT(τ) as
OINT(τ) = e
H0τOe−H0τ . (21)
The average in Eq.(20) can hence be evaluated by means
of the standard relation, to be intended order by order in
the perturbative expansion,
〈O〉i =
Tr
{
e−β (H0+Hi)O
}
Tr
{
e−β (H0+Hi)
} = (22)
=
Tr
{
e−β H0OINT (β )Tτ
{
e
−
∫ β
0
Hi,INT(τ)dτ
}}
Tr
{
e−β H0Tτ
{
e
−
∫ β
0
,Hi,INT(τ)dτ
}}
where Tτ is the time ordering with respect to τ .
It can be shown that 〈ρ(x)〉i = 2kF /pi+(∆N++∆N−)/L,
with i = 1, 2, 3, to all orders in perturbation theory, that
is, the electron density is neither renormalized nor it ac-
quires spatial oscillations due to the presence of the im-
purity potential. In fact all odd orders are zero due to
the Klein factors, while all even orders do not conserve
the number of bosonic excitations, so that they vanish
under the trace. Though the result is obtained by prop-
erly considering the Klein factors, an easy, and commonly
accepted, way to see why all even orders are not renor-
malized by the impurity is to address the bosonized form
of the Hamiltonians Hi, i = 1, 2, 3, as it emerges if Klein
factors are neglected. One has [51]
H1 = v
′
1 cos 2φ(0), (23)
H2 = v
′
2 cos 4φ(0), (24)
H3 = v
′
3∂
2
xθ|x=0 cos 2φ(0), (25)
where the new coefficients v′i can be related to the vi as
specified in [51]. By inserting Eqs.(23-25) into Eq.(22), it
is evident that, since φ(0) and ∂2xθx=0 are linear in bosonic
operators, and ρbos is also linear in the bosons, the average
of the operator ρbos(x) is zero to all even orders. On top
of that, since Eqs.(23-25) only contain bosonic operators,
the impurity potentials do not renormalize the averages of
the operators N+/L and N−/L appearing in the density
operator. The three impurity potentials thus do not in-
fluence the local charge density, in sharp contrast to the
usual Luttinger liquid case. This behavior is a genuine
effect of spin momentum locking, and hence of the topo-
logical nature of the one dimensional conducting channel.
Even though the spectral density can be significantly dif-
ferent from the particle density, [53,54] we argue that our
prediction might be measurable in STM experiments.
The case of sz(x) is not different from the case of the elec-
tron density: it contains no Klein factors and, apart from
the zero mode contribution (∆N+ − ∆N−)/(2L), which
averages to zero, is linear in the bosonic operators. Thus
we find, for all impurity potentials and up to all pertur-
bative orders, that
〈sz(x)〉i = ∆N+ −∆N−
2L
= 0 i = 1, 2, 3. (26)
Similarly one has
〈sx(x)〉i = 〈sy(x)〉i = 0 i = 2, 3. (27)
For the case of i = 2 the relation can be easily shown by
noticing that all perturbative orders are zero due to the
Klein factors. In the case of i = 3, on the other hand, all
even orders are zero due to the Klein factors, while odd
orders are zero due to the conservation of the number of
bosons in H0.
The only non-zero averages are 〈sx(x)〉1 and 〈sy(x)〉1.
The problem of calculating these averages can be easily
mapped onto the the problem of calculating the Friedel
oscillations induced by an impurity in the particle density
of a one channel (spin polarized) Luttinger liquid. In fact
the density ρ1LL(x) of a one-channel Luttinger liquid is
ρ1LL(x) = ρLW,1LL(x) + ρF,1LL(x), (28)
ρLW,1LL(x) = ψ
†
+(x)ψ+(x) + ψ
†
−(x)ψ−(x), (29)
ρF,1LL(x) = ψ
†
+(x)ψ−(x) + ψ
†
−(x)ψ+(x) (30)
and the coupling V1LL to a non-magnetic impurity placed
at x = 0 can hence be modeled as
V1LL = V0,1LLρ1LL(0), (31)
with V0,1LL a real parameter. It is not difficult to show
that the coupling of the impurity with ρLW,1LL(x) (which
is linear in the bosonic operators) can be treated by means
of a simple canonical transformation. To derive the aver-
age electron density 〈ρ1LL(x)〉V1LL in the presence of the
impurity, we then have to evaluate
〈ρ1LL(x)〉V1LL ∼
Tr
{
e−β(H0+V0,1LLρF,1LL(0))ρF,1LL(x)
}
Tr
{
e−β(H0+V0,1LLρF,1LL(0))
} .
(32)
This expression formally identical to 〈sx(x)〉1. The term
〈sy(x)〉1 can be analogously derived.
The exact result was obtained in Ref. [55] (see also Ref.
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[56] for the refermionization solution at KL = 1/2): the
oscillations are characterized by the wavevector 2kF and
decay as x−KL , where x is the distance from the impurity.
This result holds for large x. The result is consistent with
the fact that spin oscillations can develop in magnetically
defined helical quantum dots.
Conclusions. – In this Letter we have inspected sev-
eral local observables of the hLL. We have demonstrated
that the density-density correlation function do not show
oscillations, due to the absence of Friedel oscillations in the
density operator. Physically this absence is due to spin-
momentum locking and hence, ultimately, to the topologi-
cal nature of the system. We have further derived that the
the spin-spin correlation functions are strongly anisotropic
and witness the formation of a complex spin structure.
This behaviour has important consequences on the spin-
resolved density-density correlation functions, which re-
semble a planar helix. Finally we have considered the
effect of three possible potentials induced by a local impu-
rity and we have shown that, unexpectedly, the electron
density is not modified by the impurity. A spin wave in
the xy plane can instead be pinned by a magnetic impurity
causing one-particle backscattering. We have argued that
the spin wave is formally analogous to Friedel oscillations
of the density of a regular spinless Luttinger liquid, and
hence it decays as x−KL for large x, and its wavevector is
2kF .
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